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1. Basic definitions and theorems [3]. Weconsiderthe 

DUALITY IN CONTACT PROBLEMS 

PMM Vol.43, No.5, l.979, pp. 887-892 
A, S. KRAVCHUK 

(Moscow) 
(Received April 19, 19’78) 

The paper is concerned with the dual formulation of the contact problems dealt 

with earlier in [l, 21. The Young - Fenchel - Moreau transformation is used 
in the perturbations of the initial formulations. 

following problem (problem P): to find 

inf J(v), J:V--+R 
UEV 

where V is a Banach (below it is Hilbert) space and fi is a set of real numbers. We 
note that problem P contains the formulations of the problems of mutual contact of 
elastic bodies obtained in [I, 21, provided that we set 

where K is a subset of V (definition and the properties of K are given in [l, 23. 

The dual formulations are constructed as follows [3]. We take a space v* dual 
to V with respect to the bilinear form (,)v and a pair of spaces Y and Y * placed 

in duality by the bilinear form (, jY . We denote the elements of Y and Y* by 

p and p*. We construct a functional @ (v, p), @I V x Y --t R, such that 

@ (u, 0) = J (4, and consider the problem (problem Pp) of finding 

in& @ (n, P) 

We call the latter problem a perturbation of the problem P (and the functional @ a 

perturbation of J). 
Let us now apply the Young transformation to the functional CD 

@D* (u*. p*) = $GEy(:il*, UJY + <p*1 ?Jn)Y - @ (u7 P)> 

Problem P* consists of finding 

( 1.1) 

andisadualof P. 
Theorem 1. Let v be a reflexive Banach space, 0 + + 00, and let 

u,, E V exist such that p --f @ (u,,, p) is finite and continuous at zero@ E Y), 
]im J (u) = + m when 11 D 11 -+ + 00 . Then every problem P and P* has 
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at least one solution and 

kI;J(V) = =q* {- @” (09 I-)*>, 

0 (I& 0) + Q>* (0, p*) = 0 

where 3 is a solntion of P and p* is a solution of P*. 
The functional 

Lo@, p*) = - su! {(P*, P>Y - 0 (v, PN (1.2) 

will be called the Lagrangian Lo of problem 
@. 

P relative to the given perturbation 

T h e o r e m 2. When Theorem 1 holds, the following assertions are equivalent: 
a) ii and p* and solutions of the problems 9 and P*, 
b) the pair (U, $*) is a saddle point of the Lagrangian L” on V x Y, i. e. 

L” (ii, p*) < L” (ii, @*) < L” (u, F*), % P* 

2. The problem of contact between a linearly 
elastic body and a perfectly rigid stamp, Herewehave 

Cl1 
V = {u 1 u (2) E H1 (62); u (2) = 0, x G 8%) (2.1) 
R = {u 1 Y (5) +-u(+vY(x)>Oo, VSES,} 

J(u) = 1/2a(u, u) - L(o), a(v, v) = 

We use the results of [2] to rewrite the expression for K as follows: 

fir = {u 1 6 (x) - ujjr (z) > 0, Q x E SC) 

8 (X) = Y (x) / f v Y (x) 1, t&V = u*vY / 1 v \P 1 

Below we assume that pF e L, (Q), P E L, (&) and, that the boundary 8 of 
the region Q is regular (the regularity is defined in ch. 5 of [4] ). The hypothesis 

aijkh&kh%j > c EijEij, c = con&> 0 

together with the assumption that me.3 S, > 0 ensures that the solution exists 
and is unique (the problem is analyzed for s, = 0 in [Z] ). 

We shall consider here three types of perturbations leading to new problems amen- 
able to numerical solution. 

1) Arrow-Hurwicz - type perturbation 

@I cu, P> = J (a + XE (v, p> (2.2) 

where xe is the indicatrix function of the set 

E = {fu, p) E V x Y I p E Y, cv (4 - p fs) < 6 (x), 2 E s,> 
Y = {p 1 p = p (x), x E s,., p E L, (SC)) 
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The form (,)y is represented here by a scalar product in L, (s,). 
Carrying out the computations in accordance with the formulas of Sect. 1 (using a 

scalar product in I,, (Q) as (, )V ) , we arrive at the following dual problem PI*: 
to find 

We note that the “old” variables could not be eliminated here. As a result, we arrive 
at the problem of finding the saddle point, and use of Theorem 2 leads to the same 
problem. We also note that the conjugate (dual) variable p* describes in the present 
case the distribution of contact pressure. 

2) Castigliano-type perturbation. Hereweassumethat 

provided that u E K and C& (v, p) = -t co when UEK. Therefore p 
is a tensor quantity and 

Y = {P I Pij = Pji, Pij = Pij (z)9 z E Q) 

Since Y* is defined here with respect to the bilinear form 

s Pij*P&Q 
P 

it follows that the conjugate variables are, in this case, the components of the stress 
tensor. 

Carrying out the computations with help of the formulas of Sect. 1, we arrive at 
the following dual problem P,*: to find 

M = {o 1 div o + pF = 0; AVIS, = P; cm(sc < 0, crTJS, = 0) 

The dual variables follow the accepted notation: o is the stress tensor and Uij 

denote its components in the Cartesian coordinate system, Aijkh is the tensor of 

COmpfiaIlCe moduli, i.e. &ii = Aijk,, (Jkh, ON = ((J-Y)-Y, (TT = (CT-Y) - cm, 
and v is normal to S. 

3) Let us now c o m b i n e the perturbations of the type 1) and 2) in the follow- 
ing manner: 

QD, (u, P) = @)z (UT PI) i X8 (u, P2) (2.4) 

assuming also that in this case @s is defined by (2.3) everywhere and not only on 
K (the requirement that u E K is introduced by means of the function xe). Let 

us assume that 
P = {PIT P2) E Yl x y2 (2.5) 
<p*, P> = (PI*? PI> +- (Pz*l Pz) (2. ‘3 
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Carrying out the necessary computations and replacing, as in case 2), pl* by a 
and ps* by ox, we obtain the follow~g dual prop~tion (problem Ps*): to find 

N o t e 1. The problems Pp* and Ps* are difficult in the sense that when 
they are solved approximately (using e.g. the finite elements method), then the equil- 
ibrium equations must be satisfied inside the region 62 . For this reason, the change 
to a formu~tion using the Lagrangians seems sensible. Using the definition (2.6) we 
find, that 

(L*OL given by the formula (2.7) everywhere and not only for v E R; if v ZE K, 
then L,~=+oo; formulating the problem with 4” obtained from (1.2) for Q, = 
UQ, does not yield anything new). 

Using Theorem 2, we obtain the following problems of determining the saddle 
point of the Lagrangian: 

N o t e 2. If the condition that v (z) = 0 on S, is replaced by the condition 

n (4 = &? (4, then an additional term of the type 

5 
g.a.vdS 

* 

appears in the expression for @* is certain obvious cases, 

3. Generalization to the case of the deformation 
theory of plasticfty without unloading. Theproblemof 
a body in contact with a perfectly rigid, smooth immovable stamp, has the following 
corresponding functional: 

Jg b4 = J 04 - i 0.4 (3. JJ 

where J (u) is given by the formula (2.1). The perturbation 1) of Sect. 2 leads to 

the problem PI* where J (v) is replaced by J, (Y); when a Caatigltano-type 
perturbation is used, the following additional term appeals in the expression for (Ds* 

(0, P*) : 
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(3.3) 

a0 = a0 (0,) = 3Eql (0,) / (2o,) - (1 + n) 

where E is the Young’s modulus, oU (‘5) is the stress intensity, n is the Poisson’s 
ratio and the operator ‘p-1 determines the dependence of the deformation intensity 
on the stress intensity. An additional term also appears in the expressions for 

(0, p*) and the Lagrangians Li and ~a”. 
CDs* 

The results established in [l] enable us to conclude that Theorems 1 and 2 can be 
applied to the problems discussed in Sects. 2 and 3, with unique results. 

4. Problem of several elastic bodies in mutual 
c 0 n t a c t, It was established in [Z] that in this case we must minimise the func- 
tional 

J (u) = 2 Ja (u) 
a 

under the restrictions 

@ia + uNp 6 6 (4.2) 

where Ja (v”) are functionals of the type (2.1) or (3. l), Q: and fl denote the num- 
bers of the bodies in contact and 6 is the initial gap between the bodies $?a and 

Q?i, (more accurate definitions are given in [S] ). 
Perturbations of the type 1) - 3) yield the following corresponding dual problems: 

s (6 - vNa - uNp) CQqdS 
11 

sa c 

Expressions for the Lagrangians and the corresponding formulations can also be 
easily obtained from the formulas (2.7) and (2.8) by summation over all bodies of the 

system. Here again the results of [Z] enable us to apply Theorems 1 and 2 and the 
latter yield, in particular, the proof of existence and uniqueness of the solution. 

We note that the problem discussed here contains, as a particular case, a problem 
important in practice, of contact between an elastic body and a perfectly rigid stamp 
in the case when the stamp is mobile and the principal vector and moment of the 

forces acting in the stamp are both given. The stamp displacement field is determin- 

ed by two constant vectors, the vectors of rigid translation and rotation, and in the 
dual formulations these vectors appear in the integrals over SC. 
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5, Note on the contact problem in the theory 

Of perfect Hencky plasticfty. ~~e~~ryin~~tion~edefin- 
ing equation represents a relation connecting the total deformation tensor aij and 

the plastic deformation tensor hij , and the stress tensor oij given by (5. l), where 

the stress field must fulfil the condition of plasticity (5.2) and the plastic deformation 
satisfies the ~equa~ty (5.3) [53: 

Eij = Afjkh”kh $_ %j (5.1) 
F (aijl < O 

hij (Ttj - Uij)<O0, Y Tij =J Tji, 
(5.2) 

F (Tij) < 0 (5.3) 

As we know [5], the problem of finding the stress field under a restricted plastic 
flow reduces to minimization of the Castigliarro functional under the constraint (5.2), 
therefore in the contact problems, in absence of the body flow i n t o t o, we ar- 

rive at a P,* -type problem under the additional constraint (5.2). The latter asser- 

tion can be established directly. Indeed, let us integrate the inequality (5.3) over 

the region n and replace the quantity hi j by Eij - d i jkhakh . thing the Green’s 

formula,the equations of equilibrium and the bcundary conditions for the quantities 

o and ‘r, we find, that 

We assume for simplicity, that I& = 0, mes Su > 0. 
Let us write the condition of impermeability in the form uN < 6 and note that 

(TN - ofl) UN % (TN - oN) 6 (5.5) 

(we have the strict equality at the points of contact, and (ZN- a,) uN & z$) on 

the free surface). Using the representation (?irUij) uiVj”:(rT-QT) uT + (zN - uN) 

UN3 the condition of absence of friction and the inequality (5.5) we conclude, 

that the problem in question is equivalent to P, * under the additional constraint (5.2). 
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